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Let {S,}, denote the monic orthogonal polynomial sequence with respect to the
Sobolev inner product

s @05 = [ £) 8(x) dirg(x)+1 [ () g(x) d (),

where A>0 and {dy,, dy,} is a so-called symmetrically coherent pair, with
dy, or dyj, the classical Gegenbauer measure (x>*—1)*dx, a> —1. If dy, is
the Gegenbauer measure, then S, has n different, real zeros. If dy, is the
Gegenbauer measure, then S, has at least n—2 different, real zeros. Under certain
conditions S, has complex zeros. Also the location of the zeros of S, with respect to
Gegenbauer polynomials, is studied.  © 2002 Elsevier Science (USA)
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Gegenbauer polynomials.

1. INTRODUCTION

Consider the Sobolev inner product

S = f@ @ dn@+i[ fDg@d, O

where dij, and dy, are measures on (a, b) and 1> 0. Let {P,}, and {Q,},
denote monic orthogonal polynomial sequences (MOPS) with respect to
dy, and dy,, respectively. The pair {dy,, dy,} is called a symmetrically
coherent pair if there exist non-zero constants D, such that

P P!
Qn=#+11+Dnnn__lls n>2 (2)
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The concept of (symmetrically) coherent pairs was introduced by Iserles
et al. in [3]. For a survey of results on (symmetrically) coherent pairs, see
[4, 7]. In [8] all symmetrically coherent pairs have been determined by
Meijer. Especially, it has been proved that one of the two measures dy,
and diy; must be a Hermite or Gegenbauer measure.

In [5] Marcellan er al. investigated the coherent pair {dy,, dy,} =
{x"¢*dx,x"¢*dx}, a> —1 and (a, b) =(0,0). They proved that the
polynomial S, has n different, real zeros. The same authors proved a
similar result in [6] for the symmetrically coherent pair {(1—x%)%
(1—x%)}, > —1, which is a special case of what is called “Type D’ in
this paper. In [2] De Bruin and Meijer proved that all polynomials S,
following from coherent pairs, have n different, real zeros.

Symmetrically coherent pairs of Hermite type has been studied izn [1]. In
that case it has been proved that if dis, is the Hermite measure e ™ dx, then
S, has n different, real zeros. If dy, is the Hermite measure, then S, has at
least n—2 different, real zeros and under certain conditions S, has complex
Zeros.

The aim of this paper is to determine the location of the zeros of the
Sobolev polynomials S,, where {S,}, is the MOPS with respect to the inner
product (1) and where (a, b) =(—1,1). We assume {dy,, dy;} to be a
symmetrically coherent pair of Gegenbauer type.

In Section 2 we recall some well known properties of Gegenbauer poly-
nomials, which will be used in this paper. In Section 3 we divide the
symmetrically coherent pairs of Gegenbauer type in five classes (type A, B,
C, D and E) and we determine general properties which hold for all the
classes. In Section 4 we introduce moments and we determine the sign of
these moments. In Section 5 we will use the moments and Gauss quadra-
ture to determine the location of the zeros of the polynomials S,. Polyno-
mials S, following from symmetrically coherent pairs of type A, B, C and
D turn out to have n different, real zeros. For type E the polynomials S,
have at least n—2 different, real zeros. Moreover, if n=2m+1, S, has n
different, real zeros. In Section 5.1 we study the case where 4 — oo for type
E and prove that, under certain conditions, S,,, has complex zeros.

Since dy, for the Gegenbauer type in most of the cases depends on a
parameter «, we will sometimes use a subscript a to be able to distinguish
two different measures di, with a different parameter a: di, ,. Throughout
this paper we will use the following notations:

So@uu=] S e a0, i=0,1

So@sa=] SO o) +A[ f1(0) g i ()
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1= 2@ db., =01

=] 12 o +2 [ (£ o)

When there can be no confusion we will omit the subscript a.

2. CLASSICAL GEGENBAUER POLYNOMIALS

Let {G®}, be the sequence of monic Gegenbauer polynomials with
parameter « > — 1. For the classical Gegenbauer polynomials the following
properties are known (see [10]):

G is orthogonal with respect to the inner product

1
f. 8= L f(x) g(x)(1—x*)*dx. 3)
The following relations are satisfied

d @+

— G2 (x) =nG,""(x), “

dx
d n(n+1)
I () _ () _ (@)
- {G,,H(x) TR G,,_l(x)} r+)GPE. )

The three-term recurrence relation reads

n(n+2a)
2r+20—1)2n+20+1)

Gl (x) =xG P (x)— G2 (x). (©6)

For G (1) we have

T+ r(n+20+1)

@(1) =
G 2"T Qo+ 1) F'(n+a+l)

™

From (3) follows that
G (x) =Py ?(x),

where P*#(x) is the monic Jacobi polynomial of degree n, orthogonal with
respect to the inner product

gy =] 1) g1 -0 (14+x) dx.
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The polynomials G® and P*# satisfy the following relations
G5(x)=27"PGP(2x"=1), G5, (x)=27"xPSP(2x"=1). (8)
The Rodrigues formula for monic Jacobi polynomials reads

I'(n+a+p+1)

(o, B) —(_1)\"
P =D r ot fr1)

(1—x)"(1+x)Fx

x <i> [(1—x)"** (14x)"]. )
dx

3. SYMMETRICALLY COHERENT PAIRS OF
GEGENBAUER TYPE

In this section we will determine some properties of symmetrically
coherent pairs of Gegenbauer type, that will be useful later on in this
paper.

Consider the inner product

Sogds=[ SO o)+ [" @@ dp, (10)

where di/, is a measure on (—1, 1), di, is a measure on R with a continu-
ous part only on (—1,1) and A>0. Let {P;}, denote the MOPS with
respect to <., .Y, and {Q5}, the MOPS with respect to {.,.>;. We assume
{d,, d,} to be a symmetrically coherent pair, i.e. there exist non-zero
constants D, such that

(P31
.= D,
Q; ="t 4D,

(P_y)
n—1"~

n2. (11)

In [8] Meijer proved that there exist five types of symmetrically coherent
pairs {dy,, dy, } with i, or dy, the classical Gegenbauer measure:

A P+ A—x)dx, 1—x)*dx}, o> 0,

B {(E2=xH(1—xH*""dx, (1—x*)*dx}, || >1,a>0,
C  {dx+Mé(—1)+Ms(1),dx}, M>0,

(1-x?
& —

€] >1,0>0,M >0,

D {(1 Xy, “d + Mo(— é)+M5(é)}
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(1—x%"

E {(l—xz)“ldx, ie dx}, E#0,a>0.

For these five types we can determine the constants D, in (11). We will
denote D, for type A by D, etc. We use here and elsewhere in this paper,
implicitly, that if » is odd/even, the polynomials P%, Q% and S, are odd/
even. Also we will use implicitly that the integral, if convergent, over a
symmetric interval of an odd function equals zero.

Type A. In this case the polynomials QF are the Gegenbauer poly-
nomials G® and for D, we obtain, by expanding G" in terms of P?,
using the orthogonality of G;" and using (4),

4 =n_1 ||G$:a+11)"1 a—1
"on+l ”P;—luo,a

> 0.

Type B. In the same way as for type A we find

pi_ =1 IGS R o

,, — <0.
n+1 "Pn—lllg,a

Type C. In this case the polynomials Q, are the Legendre polyno-
mials G”. We expand G}, — iV G\ in terms of P,. From (7)

follows that G, (1) = orivea=i7s G121 (1) and using (5) we obtain

c___nn=1) GO
4(n+2)(n—2) I12,-1l5

Type D. In this case the polynomials P are the Gegenbauer poly-
nomials G®~" and for D, we obtain, by expanding Q% in terms of G,
using the orthogonality of Q; and using (4),

[k
DP—__“=n1Lr .
"GRG e

Type E. In the same way as for type D, we find

pe_ Qi

> 0.
TSR
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Let {Sﬁ}n be the MOPS with respect to the inner product (10). When we
do not explicitly need the value of A, we will omit the superscript 4.

Lemma 3.1.  For the polynomials P;, and S, we have the following relation

P Pl S Suo1
D, = d >2 12
n+1+ "n—1 n+l+ "n—1’ nzs (12)

and for the polynomials Q, and S, we have

S’ S’
Q; ni:—i—i_dnﬁa l’l>2, (13)
where
IP5 115,
d =D, ———>". 14
=D s 19

Proof. Because {dy,, dy, } is a symmetrically coherent pair, P; and Q;
satisfy relation (11). We expand PnJr 1/(n+1)+D, (P _1/(n—1)) in terms of
S

P Po S
n+l' "n—1 n+l

+Z CniS;-

Using the orthogonality of P and Q} we find

0 if i<n-2,
D Pon 2
i = n w if i=n— 1,
n=1 IS5
0 if i=n,
which gives
Plx PO( Sn+l Sn—l

n+1 n—1
D, = d 15
n+1+ "n—1 n+l+ "n—1’ (15)

with

_p WPl

" [

By differentiating (15) the lemma follows. |
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Remark 3.1. We point out the fact that the sign of d, depends on the
sign of D,, i.e.

sgnd, =sgn D,.

Later on we will use the notation d# to denote the constants d, for
type A, etc.
We define the polynomials S by

S*(x) = lim S*(x).
A—>
Since Sg(x) =1, St(x) =x and Si(x)= Pi(x), S exists for n<2. The
following lemma shows that S’ also exists for n > 3.

LemMma 3.2. For n =3 we have
n
Sy (x)=P,(x)+D, ; — P, »(x).
n—2
Proof. We will use (15) and (14). Observe that forn > 1

S350 > 2 [ ((SE0) (0)? di (),

and with the extremal property of the norm of orthogonal polynomials

2 (Siy G2 din > =1 (0520 .

Using (14) we then have

lim d, =0, n3>2.

A— o0

Using that S;(x) = x and (12) we find

S5 (x) = P3(x)+3D,Pi(x).
Using that S,(x) = P5(x) and (12) we have

ST (x) = Pi(x)+2D; P5(x).

Now the lemma follows by induction. ||

Remark 3.2. Since Qj(x)=1 and Qj(x)=x, differentiating Sy,
Lemma 3.2 and (11) give

(7)) (x) =nQ;_1(x), n=l. (16)
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4. THE MOMENTS

In this section we introduce moments for each of the five types of sym-
metrically coherent pairs mentioned in Section 3. Using these moments we
find lemmas, which we will use to determine the location of the zeros of S,.

We distinguish two cases: 7 is even or # is odd.

n=2m. Type A. For m>1 and i=-2,—1,...,m—1 we define the
moments m}", by

1 .
miy = ST (=) dx, i -,

m’fz,A = 0
Type B. Form>=1andi=-2,—1,...,m—1 we define the moments
m'g by
1 .
mis =] S,()F-E)* (I=x)ldx, P>,
-1
m’fz’B = 0

Type C. For m>1 and i=0,1,...,m—1 we define the moments
mZ‘c by

1 .
me = L S, (x)(x2=1)'dx, i>0.

Type D. For m>1 and i=-—1,0,...,m—1 we define the moments
mZ’D by

1 .
mip = Su()(P=E) (1=x)""dx, >0,
mrfl’l) =0.

Type E. For m>1 and i=-1,0,...,m—1 we define the moments
leE by

s =[S+ A=x)ldx, 030,

m’fl’E = 0
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LemmA 4.1. For m =2 and for 1 <i<m—1 we have
miy = =2i{alm], ,—bimi, +(—1)cimi; .},
leB = 211‘{“?"1:"—1,3 +bfm;"—2,3 +(@-1) C?m:n—ig},
and form=3 and2 <i <m—1 we have
mle = 2’1i{(2i_ 1) m;n—l,c +2(i—1) m:n—Z,C}’

m . D___m D___m . D___m
m;p= 2/1’{‘11' m;_i,p +b; mi—2,D+(Z_2) C; mi—3,D}9

mzr‘flE = _2/11.{‘1?"1:‘”71,15 _biEmzr‘n—LE +({-2) cfmzr‘nfl)s},
where al >0,b! >0andc!>0,j=A,B, D, E.

Proof. For type A we have for 1 <i<m—1, {S,,, (x2+E&?)DHg=0,
hence

mry = —22i j_ll XS, ()24 &) (1—x?)* dx.

Using integration by parts we then find
al =2i+20—1
b =2i—14¢&* (4i+20—3)
¢! =282 (1+8%).

In the same way we find for type D:
al =2i+2a—3
b =E*(4i+2a—T7)—2i+3
cf =28 (&-1).

Observe that by replacing &> in m]", by —¢&2, we get the result for type B.
In the same way we can obtain the result for type E, from type D. We get
the result for type C from type B, by substituting £2=1and a =0. |

LemMMmA 4.2. For m > 2 we have

(1) mgfj:()a j=A’B’D9E;

mg ¢ <0,
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(i)  sgnm],=(=1)""*, i=-1,1,2,..,m—1,

m]'p >0, i=-1,1,2,...m—1,

m]'- <0, i=1,2,....,m—1,

m;'p <0, i=1,2,...m—1,

sgnm)y = (—=1)"++, i=1,2,..,m—1.

Proof. From {S,,, 1)s =0 we obtain mg ; =0 for j= 4, B, D, E and
mg ¢ = —2MS,,(1). 17
Using Lemma 4.1 we get fori =1
mi, =22bi{m?", 4,

hence sgn m7 , = sgn m™, ,.
From {S,,, x>+ &*)5 = 0 we obtain

mp, =22 j_ll S, () x(1—x2)* dx.

Using {G%_,, x>, = 0 and applying (13) repeatedly, we get

Jl Son() x(1—x?)*dx
-1 2m
=(—1)’”’1oz’ﬁ‘,,,_ldg‘,,,_3---d;’;‘f1 @x(l—xz)“dx.
—1

Since |1, ($5(x)/2) x(1—-x*)*dx=[!, x*(1—-x*)*dx>0 and d/ >0 we
get

sgnm™ ,=sgnmy , = (—1)".

By Lemma 4.1 and induction the lemma follows for type A. The proof for
types B, D, and E runs along the same lines.
For type C we obtain in the same way

1
mic=—2A Ll xS, (x) dx < 0.

Integration by parts and (17) give

my ¢ = =2M(2S,,(1)—mg o) = —4A(1+ M) S,,(1).
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From this follows that S,,(1) >0 and therefore mg » < 0. Then by induc-
tion the lemma follows for type C. ||

Let 7(x) denote an even monic polynomial of degree 2k, such that all
zeros of 7(x) are real. For each type j we define an integral I/ ; by

=] Su) a0+ (1—x) " dx,  j=A4,E,
= Su@ @G- (1=x)"dx,  j=B,D,
€, = j_ll S, (x) 7(x)(x2—1)' dox.

LemMmA 4.3. Letm>=2.
(i) If1<k+I<mandn(x)+# x> thensgnli, 6 =(—1)"+**
() If 1<k+I1<m, n(x)+#x*—&* and if all zeros of n(x) lie in the
interval [ —|¢|, |€|1, then I, > 0.
(i) If 1<k+lI<m—1 and all zeros of 7n(x) lie in the interval
[—1,1], then I, <O.
Vi) If 1<k+I<m—1 and all zeros of n(x) lie in the interval
[—1&l, 111, then IT, <O.
(V) If1<k+I<m-—1, thensgnIf = (—1)"++"*1,
Proof. We proof the lemma for type A. For the other types the proof is
similar.

Let x,, ..., x, denote the non-negative zeros of n(x). Fori=1, ..., k put
t} = x} +&% Then

n(x) = (x>+&—17)--- (x*+&—13)

Z ci(x2+§2)ia

i=0

where ¢, = 1 and if ¢; # 0, then sgn ¢; = (—1)*~. Then

k
A m
I7,= Z CiMiyi_1,4-

i=0
Using Lemma 4.2 we obtain that if ¢; # 0 and i # 1, then sgn ¢;myy; | , =
(—1)"***! Hence sgn I{, = (—1)"***'. Notice that if ¢ =0 and n(x) = x?,
then ¢, = 0, which gives I{ , =0.
For type B observe that, since the zeros of n(x) lie in the interval
[=1&l, |€]1, t; = x* — &2 is non-positive, therefore ¢; > 0. |
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n=2m+1. Type A. Form>=1landi=-2,—1,...,m—1 we define the
moments u;", by

1 .
Hia= [ B (D HE) T (1=x)* .

Type B. Form>=1andi=-2,—1,...,m—1 we define the moments
Ui's by

1 .
s =] XS ()= ) (1=x)" " dx.

Type C. For m>1 and i=0,1,...,m—1 we define the moments
Ui'c by

1 .
Hie =] *Sma(@E-1)'dx.

Type D. For m>1 and i=—1,0,...,m—1 we define the moments
uip by

1 3
Wip=[ XSy (DP=E) (1=x)"dx, 130,

up=0.
Type E. For m>1 and i=-1,0,...,m—1 we define the moments
Hig by
1 .
W= [ XS (DG (1=x)* dx.

Note that the moments u”, ;, j = A4, B, and u”,  are finite.
LEmMMA 4.4. Form=>=2,1<i<m—1, we have
Uiy = _2/1{0‘?#:"—1,4 _ﬁfﬂ:n—Z,A +(@—-1) 7?#?—3,A}a
/‘Z‘B = 2}“{“5/‘;"—1,3 +ﬁfﬂ§n—2,3 +(@-1) y?ﬂ;n—xg}a
and form>=3,2<i<m-—1, we have
uite =202+ 1) pity o +2(—1) w5 ¢},
Wi =2Mal w4+ B U p+(E=2) yP U5 n )
wie = =2Mofuity g — By g+ (E—=2) yiul s 5},
where o} >0, pi >0andy} >0, j=A, B, D, E.
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Proof. For type A we find, using S, 1, X(x*+E&?)">s =0 for m>2
and 1<i<m—1,

1 .
HEa= =MD [ S5 ()G E) (=) dxt
1 .
+200E% [ 84, ()R +E) ! (1=x)" dx,
-1
Integration by parts (the constant term vanishes) gives
1 .
[ b (D4 (1=x) dx
-1
1 .
=2i+0) [ X8, () +E) (1 -3 dx
-1

20148 [ xSy () (1=x) .
From this we obtain
af =Qi+1)(i+a)
B =i((2i+1)+ & (4i+2a—1))
yi =2i8*(1+8%).
In the same way we find for type D
o; = ({+a—1)(1+2i)
B =i(4iE*—5E+ 20— 2i+1)—(£2—1)
y =2 (&= 1).

Again by replacing £2 by — &2 we get the result for type B from type A. In
the same way we can obtain the result for type E, from type D. We get the
result for type C from type B, by substituting ¢>=1and « =0. ||

LemMMmA 4.5. For m > 1 we have

sgn uf', = (=1)" " —1<i<m-—1,
ui'g >0, —-1<i<m-1,
W <0, 0<i<m—1,
ui'p <0, 0<is<m-—1,

sgn 'y = (=1)"*+, 0<i<m—1.
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Proof. Type A. For u”; , we get, using integration by parts,

1 1 1 ,
Wia=| xSuma)A=x) " dx=o- [ Sy (@)(1-x dx.  (18)

Using <G, 1>, =0 and applying (13) repeatedly, we obtain in the same
way as in Lemma 4.2

sgn u”y 4= (=)™

For ug 4, we obtain from <S,, ,,, x5 =0,

1
M= =[S ()(1=x)*dx.

From (18) we see that sgn ug' , is the opposite of sgn u™, ,, hence
)m+1.

sgn pg 4 = (=1

By Lemma 4.4 and induction the lemma follows for type A. For type B the
proof is similar.

Type C. For ug . we find, using <S,,,;, x)s =0,
1
Hoc=—4 L Som1(x) dx—2MS,, (1) = =2(A+ M) S, ., (1).

Since dS,, <0, we find from (13) and {G{, 1>, = 0 that

2m>

sgn f_ll Shmi1(x) dx =sgn j_ll Shm_1(x) dx
and therefore that
sgn S,,,.1(1) =sgn S;(1).
Since S;(1) = P, (1) > 0, we have
Ho.c <0.

For m > 2 we find, using {S,,,,, x(x*—1))s =0,

1
Hie=—A] Sh()Gx’=1)dx.
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Then we use (G, 3x>—1)», =0 and (13) repeatedly, to find in a similar
way as in the proof of lemma 4.2

Hic <0.
Here we used S /3 = 0, —df and the orthogonality of Q, to determine the

sign of [!; $5(x)(3x*—1) dx. Now by Lemma 4.4 and induction the lemma
follows.

Type D. Using {S,,., 1, x(x*—&*)>g = 0 we get for m > 2
1 ’ 2 2
p=h [ Sh(D)E =3 diy

=32[ S -3 dr-226 [ S0 ST )

—4AMEPAS), 11 (8).

Integration by parts gives
1 1
f S ()1 —x*)* dx = 2aj Spms1 (%) X(1—x%)*"1 dx.
—1 »

From <S,,,, x>s = 0 we obtain

a- x2)°‘

dx—4M 2S5, 1(E)
E2—x?

~2[ S
1
=2£1 Sy 1 () x(1—x2)*1 dx.

And then we have

Y p = (640+28%) pg p.

In a similar way as for type A we find

#o.p <0.

By Lemma 4.4 and induction the lemma then follows for type D. For type
E the proof is similar. ||

Again let 7(x) denote an even monic polynomial of degree 2k, such that
all zeros of 7(x) are real. For each type j we define an integral I3 ; by
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o= xSun() i@ +EY (1= dv,  j=AE,
o= %Syn() 0@ =E) (1= dx,  j=B,D,
15, = [ 5830000 76— 1) .

LeEMMA 4.6. Letm=>=1.
(i) IfO<k+I<m, thensgnlj, = (—1)"***.

(i) If0<k+I<mandall zeros of n(x) lie in the interval [ —|&|, |€|],
then I3, > 0.

(i) If 0<k+I<m—1 and all zeros of m(x) lie in the interval
[—1,1], then IS, <O.

v) If 0<k+Il<m—1 and all zeros of m(x) lie in the interval
[—1&l, I€1, then I3, <O.

(V) IfO<k+I<m-—1, thensgn Iy = (—1)"+*++1,
Proof. The proof is similar to the proof of Lemma 4.3. ||

5. LOCATION OF THE ZEROS

Using Lemmas 4.3 and 4.6 from the previous section we can determine
the position of the zeros of S, for all types, with respect to other (known)
polynomials. Knowing the position of the zeros we find that S, has » dif-
ferent, real zeros for type A, B, C, and D and at least n—2 different, real
zeros for type E. Since the method by which we determine the position of
the zeros, is the same for all the types of symmetrically coherent pairs, we
only give the proof for type A.

THEOREM 5.1. Let {dy,, ds,} denote a symmetrically coherent pair of
type A. Let n>3. Then S, has n different, real zeros. Let {G{ "}, denote
the MOPS of Gegenbauer polynomials. Let g; < -+ < g,, denote the positive
zeros of G*V and let s, < -+ < s,, denote the positive zeros of S,. Then

81 <5< <8 <Sp
Proof. Note that —g; is also a zero of G~V For n = 2m put

G5, P (%)

2

3 i=1,2,...,m.
X —g;

n(x) =
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For n=2m+1 put

thn_+11) (x)

x(x*—gi)’

Using Lemma 4.3 for n = 2m and Lemma 4.6 for n = 2m+ 1, we obtain

n(x) =

i=1,2,...,m.

jl S, (x )G(“ 1;(, ) (1= %21 dx <0,

Applying Gauss-quadrature on the zeros of G®V gives

S, (g)(GE ) ()
8

<0.

Since g; >0, we now have sgnS,(g;)=—sgn(G* V) (g). And since
(G*~Y)" has opposite sign in two consecutive zeros of GV, the same
holds for S,. Thus S, has a zero in each of the intervals (g;, g;,,) and in
each of the intervals (—g,,,, —g;), i =1, ..., m—1. Since (G* ") (g,,) >0,
we have S,(g,) <0. Because S, is monic, S, has a zero on the right of g,,
and therefore also a zero on the left of —g,,. Using S,,,,(0) =0, we have
found » different, real zeros of S,. ||

Remark 5.1. Expanding G®~" in terms of P* gives
Gy V(x) = Pi(x)+D,_, n—P“ 2(%).

Using Lemma 3.2 we then get
Sy(x) =GV (x).
This means that the lower bound from Theorem 5.1 cannot be improved.

THEOREM 5.2. Let {dy, dy,} denote a symmetrically coherent pair of
type A. Let {P;}, denote the MOPS with respect to ds,. Let n>3, let
p; < -+ < p,, denote the positive zeros of P and let s; < --- < s,, denote the
positive zeros of S,. Then

S1<p1< st <Sm<pm.
Proof. For n=2m put

2m(x)

n(x) = ( 2+EY,  i=1,2,...m.
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For n=2m+1 put

POC
ﬂ(x)=L(x)(x2+éz), i=1,2,..,m

x(x*—p?)

Using Lemma 4.3 for n = 2m and Lemma 4.6 for n = 2m+ 1, we obtain

PL(x)
2

> (x> +E)(1—xH)*"dx > 0.
X" =D

1
[ 8.0
Applying Gauss-quadrature on the zeros of P;, gives

S,(p)(P3) (p:) g
Di

0.

Using arguments similar to those in the proof of Theorem 5.1 gives the
desired result. |

Remark 5.2. Observe that if A tends to zero, then S, tends to P:.
Therefore the upper bounds from Theorem 5.2 cannot be improved.

THEOREM 5.3. Let {dy,, ds,} denote a symmetrically coherent pair of
type B. Then S, has n different, real zeros. Let {P;}, denote the MOPS with
respect to dyr,. Let n>=3, let p, < --- <p,, denote the positive zeros of P
and let s, < --- < s,, denote the positive zeros of S,. Then

Pl <S1"' <pm<sm'
Remark 5.3. As for type A observe that if A tends to zero, then S,

tends to P;. Therefore the lower bounds from theorem 5.3 cannot be
improved.

THEOREM 5.4. Let {dy,, ds,} denote a symmetrically coherent pair of
type B. Let n>3. Let {G "}, denote the MOPS of Gegenbauer polyno-
mials. Let g, < - <g, denote the positive zeros of G®V and let
s, < -+ <8, denote the positive zeros of S,. Then

$,<g < <8y < G-

Remark 5.4. As for type A we can prove for type B that

Sy(x) =Gy (x).
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This means that the upper bound from Theorem 5.4 cannot be improved.

Remark 5.5. Notice that, different from type A, for type B we first
compare the zeros of S, to the zeros of P, (i.e., the polynomials orthogonal
with respect to di,) and then to Q, (i.e., the polynomials with respect to
dy,). This is because we need a lower bound for the zeros in order to prove
that S, has » different, real zeros.

THEOREM 5.5. Let {dy,, ds,} denote a symmetrically coherent pair of
type C. Then S, has n different, real zeros. Let {G}, denote the MOPS of
Legendre polynomials. Let n >3, let g, < -+ < g,, denote the positive zeros
of GO and let s, < --- < s,, denote the positive zeros of S,. Then

8 <8 <G < S
THEOREM 5.6. Let {dy, dy,} denote a symmetrically coherent pair of
type D. Let n>3. Then S, has n different, real zeros. Let {G"~ "}, denote

the MOPS of Gegenbauer polynomials. Let g, < --- < g,, denote the positive
zeros of G*V and let s, < -+ < s,, denote the positive zeros of S,. Then

g1<S1< Tt <gm<Sm.

Remark 5.6. 1If ] tends to zero, then S, tends to G~ V. This means that
the lower bounds from Theorem 5.6 cannot be improved.

THEOREM 5.7. Let {dy,, dy,} denote a symmetrically coherent pair of
type E. Let n=3. Then S, has at least n—2 different, real zeros. Let
{G&~D}, denote the MOPS of Gegenbauer polynomials. Let g, < -+ < g,
denote the positive zeros of G®™ and let s, <...<s,, denote the largest
positive zeros of S,. Then

g <8H< <8, < G-
If S, has n different, real zeros, let s, denote the smallest positive zero. Then
51 <&-
Proof. In the same way as in the proof of Theorem 5.1 we find

S, (g)GEVY (g) -
8i

0. (19)

Since g, >0, we now have sgnS,(g)=sgn(G" ") (g). And since
(G*~V) has opposite sign in two consecutive zeros of GV, the same
holds for S,. Thus S, has a zero in each of the intervals (g;, g;,;) and in
each of the intervals (—g;,,, —g:), i=1,...,m—1. Using S,,.,(0) =0, we
have found n— 2 different, real zeros of S,.
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Suppose that that S, has two zeros in the interval (g, gxi1)s
1<k<m—1. Then, since sgnS,(g;)=sgn(G* V) (g), S, must have
three zeros in the interval (g, g..:). Because S, is an odd or an even
polynomial, S, then would have n+2 zeros. Because S, is monic and
(G* VY (g,,) >0, S, cannot have a zero in (g,,, ), because then S, would
have two zeros in (g,,, ) and two zeros in (—o0, —g,,). Therefore, if S,
has n positive zeros, then s; < g,. ||

Remark 5.7. If A tends to zero, then S, tends to G*~V. Therefore the
upper bounds from Theorem 5.7 cannot be improved.

Because Theorem 5.7 states that S, has at least n— 2 different, real zeros,
the theorem does not exclude the possibility that S, has complex zeros. In
the next section we proof that under certain conditions S, indeed has
complex zeros. But first we proof that the odd polynomials S,,,,, of type E
have 2m+ 1 real zeros.

LemMMA 5.1.  Let {dy,, dy, } denote a symmetrically coherent pair of type
E. Let m>1, then S,,,, has 2m different extremata. Let {Q:}, denote the
MOPS with respect to dys,, let q, < --- <gq,, denote the positive zeros of Q5,,
and let 0, < --- < g, denote the positive extremata of S,,,.,. Then

g <0< < g, <0,

Proof. Consider for 0 < i < m the following integral
1
M7 =[S (D+E) T (1=xY)" dx.
-1

For i =0 we get from <S,,,.;, x)s =0

m

M= —”"T'E.
For 1 <i < m integration by parts shows

M} = (2i+20=2) piy p=2(i—1)(E+1) uity g
Then by lemma 4.5

sgn M7 = (—1)"*+. (20)
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Let n(x) denote an even monic polynomial of degree 2k, 1 <k < m, such
that all zeros of n(x) are real. Let x,, ..., x, denote the nonnegative zeros of
n(x). For 1 <i<kputt?=x?+E2% Then

n(x) = (x>+&—17)--- (x*+&—13)

k
= Z ci(x2+§2)ia
i=0
where ¢, = 1 and sgn ¢; = (—1)*".
Since
1 , (1 _x2)<x k ”

Ll Som1(X) T(x) o dx = igo oMy,

we obtain from (20)
( 2)“ _ m+k
sgnj St () 20) * 7o = (=1 @1
For 1 <i<mput
ql

Then (21) gives

sz(X) (1— )
—q7 X+&

Applying Gauss-quadrature on the zeros of Q3,, gives

Shuer(@)(05.) @) _
q;

dx < 0.

[RANCE

(22)

Then arguments similar to those in the proof of theorem 5.1 give the
desired result. |

THEOREM 5.8. Let {dyy, ds,} denote a symmetrically coherent pair of
type E. Let m > 0, then S,,,,., has 2m+1 different, real zeros.

Proof. We prove for m =2k that S,,,,; has a zero in (0, g,), where g, is
the smallest positive zeros of G ). From Theorem 5.7 then follows that
Sue+1 has exactly 4k + 1 different, real zeros. For m =2k +1 the proof runs

along the same lines.
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From (22) we can determine sgn .S, ;(q;), where ¢; is the smallest
positive zero of Q5 :

(Qi)' (¢1) <0 = S%..(q:)>0.

Since S, ; is an even polynomial, we also have S, ;(—¢;) > 0. According
to Lemma 5.1 S, has no extremata in the interval (—g¢,, ¢,), hence

Su+1(0) > 0. (23)
From (19) we get

4(10;(+11)) (81) <0=Sy,:1(g1)<0.

This combined with (23) shows that S,,,; must have a zero in the interval

(0’ &1 ) I
5.1. Complex zeros

We consider the Gegenbauer-Sobolev polynomials of type E. If A tends
to zero, then S, tends to G®~V. Thus S, can only have complex zeros if A is
sufficiently large. Therefore we consider the case where 4 — co.

From Lemma 3.2 we have

GV (x), nz=3. 24)

S7(0) =Gy (X)+ D,

Lemma 5.2. S35, has complex zeros if and only if

- (a+m—=3)(m—1)(m—;
7 m(a+2m—3)(a+2m—3

D,, m=2.

Proof. S5, has complex zeros if and only if sgn S5,,(0) is opposite to
sgn G~(0). From (24) we obtain

S5.(0) = G5 1)(0)+ D, 1G5,3(0).

-1
From the recurrence relation (6) we find

2m—1)(2oc+2m—3) GE1(0).

G5 "(0) = G2
(2o +4m—5)(2a+4m—3)
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Then

e _ mQu+4m—5)(2u+4m—3)
S$5.(0)=G$, )(0)<1 (m—1)(2m—1)(20a+2m—3)

Hence, S3,, has complex zeros if and only if

(x+m—3)(m—1)(m—;
m(o+2m—3)(a+2m—3

D,,_, >

This proves the lemma. [

LemMma 5.3. S5, has complex zeros if and only if

Cm—1)(a+m—;3

m=2,
m(m+o—1) -

15,9 >

B

where

fl (l_t)m+oc—1 (1+t)m—%dt
() = 1 (t+1+42&H"
K N R () G
a0 (t+142EHm !
Proof. Expanding Q° in terms of G\, gives
0:(x) = G (x)+D,G?,5(x).
Using {Q5,,_, x>, =0, we then obtain
1— 2\
[ o™ ar
X
Dom-1 = 1 XA =X)"
f GS)_5(x) Ty dx
x*+¢&
From (8) we get
. x(l—xz)“
f Ga(0) g
., 2 1_ 2\a
zlmf P(z)(zz )X( x)d

2+62

)

137

25)
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The substution 2x2—1 := ¢ gives

1—0)* (1+1)?

« _ y—(m+a—}) (o 2)
In=2 f P t+1+2.f2

Using the Rodrigues formula (9) and integration by parts m—1 times gives

( l)m l(m 1) F(m+0(+2) (1 t)m+°‘*1 (l+t)m—%dz
= 2m+zx—% F(2m+a_* (t+1+2€2)m .
From (25) we then obtain
1 (l_t)m+oc—1 (1+t)m—%
f N dt
D (m+o—3)(m—1) -1 (t+1+28%
m—1 = 2(2m+0€—5)(2m+oc—5) J (1- )m+a—2 (1+l‘)m_% B .
(t+1+28H)""

From Lemma 5.2 the lemma then follows. ||

THEOREM 5.9. Let m>=2. If |& is sufficiently small, then S5, has
complex zeros.

Proof. We use Lemma 5.3. Substiting ¢ := 2x—1 gives

1 (l_x)m+oc—1x —%d
X
o (x+&)”

I,(&)=2

x)m+zx 2 m—%

(1— '
L e

For & — 0 we get

2B(m+a,3)  2(m+a—1)
Bm+a—1,Y)" m4a—1

lim 17.($) = ,
&0

where B denotes the beta function. It’s clear that the condition

2(m+a—1) - Cm—1)(m+a—3)
m+o—; m(m+oa—3)

is satisfied for allm and a. ]
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THEOREM 5.10. If m is sufficiently large, then S5, has no complex zeros.

Proof. We will determine the asymptotic behaviour of I% (&) for
m — 00. We will use Laplace’s method (see, e.g., [9]). The numerator of
I (&) we call N¢,(¢) and the denominator D¢,(&). Then

Ni@=[ e gy d,

DO = e gy dr,

where

p(t) = —log(1—1)—log(1+7)+log(t+1+2£?),
gy =(1-0*"1 1+,

(1—0*2(1+1)3
(t+142&3)7"

qp(t) =

The function p(¢) has a minimum in

ty=—1-28242 /E+E e(~1,1).

Then Laplace’s method gives

an(t) _ (1—1)(A+1)

AP RTS S

, m — 0.

Now by Lemma 5.3 we find that S7,, has no complex zeros if m — co. ||
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